The additive modulars on universally continuous semi-ordered linear spaces were defined firstly by H. NAKANO and discussed in his book [8]; 1950. These The Purpose of this paper is to investigate the theory of some classes of semi-additive modulars which are near to additive cases, and discuss the relations with additive. modulars. They are the upper semi-additive modulars for which there exists the greatest among the additive ones smaller than the given modulars, or the lower semi-1) This paper continues to the paper: Y. MIYAKAWA and H. NAKANO [11].
additive modulars for which there exists the least among the additive omes greater than the given modulars.
In \S 1 and \S 2, we shall discuss the semi-additive modulars and define the approximately additive modulars. Furthermore we shall show that any spaces having semi-additive modulars can be decomposed into the approximately additive part and the singular part.
The last part of \S 2 and \S 3 will be devoted to Pnd some conditions that semi-additive modulars are approximately additive ones or not.
In \S 4 and \S 5, we shall investigate the equivalence problems and the uniform properties such as uniformly simpleness, between approximately additive modulars and additive ones. The Bi-modulars which were defined in [11] will be discussed in \S 6 , along the line of the present methode. Another approximate methode to additive modulars will be considered in \S 7.
Throughout the paper we use the notations and terminologies same as [8] and [11] .
The auther of the present paper wishes to express grateful thanks to Professor H. NAKANO for his kind advice and encouragement. \S 1. Semi-additive modulars. Let $R$ be a universally continuous linear space; in other words conditionally complete vector lattice. We say that a functional $m(x)x\in R$ , whose value takes real or $+\infty$ , is an $addit\dot{w}e$ modular on $R$ if it satisfies the following conditions. 1) $ 0\leqq m(x)\leqq+\infty$ .
2) If $m(\xi x)=0$ for every real $\xi$ , then $x=0$ . The condition 7) is equivalent to the following two conditions. If a functional $m(x)x\in R$ satisfies 1), 2), 3), 4), 5), 6 ), and 7') instead of 7) we say that $m(x)$ is an upper semi-additive mwdular.
If a functional $m(x)x\in R$ satisfies 1), 2), 3), 4), 5), 6), 7') instead of 7), and the following condition 2'), we say that $m(x)$ is a lower semi-additive $m$ odular. $\overline{R}$ is said to be the cmjugate space of $R$ .
In the sequel throughout this paper, it may be supposed that $R$ is semi-regular; which means that if $x(x)=0$ for every $\overline{x}\in\overline{R}$ , then we have $x=0$ , roughly speaking $R$ has sufficiently many universally continuous linear functionals.
An element $\overline{x}$ of $\overline{R}$ is said to be modular bounded by $m$ if there exist positive numbers $a$ and $\beta$ such that $a\overline{x}(x)\leqq\beta+m(x)$ for every $x$ in $R$ . The totallity of such elements constitutes a complete semi-normal manifold (in other word, dense ideal) in $\overline{R}$ , (cf. [8] ) and is denoted by From this theorem the conjugate modular of an additive modular is also an additive one. ReZative to 6): if $0\leqq x_{\lambda}\uparrow\lambda\in\Lambda x$ and $\sum_{i\equiv 1}^{n}[p_{i}]x=x(i=1, \cdots, n)$ , then
and so we have $m_{1}(x)=\sup_{l\in\Lambda}m_{1}(x_{\lambda})$ , because the inverse inequality is immediately followed.
is the set of element $x$ such that $ m_{1}(ax)<+\infty$ for some $a>0$ . Supposing that there exists a functional $n$ satisfying 1), 2), 4), 5), 6) , 7), except 3) and $n(x)\geqq m(x)$ for every $x\in R$ , we see immediately $n(x)\geqq m_{1}(x)$ for every $x\in R$ . Therefore 
Proof. We put for every element $x\in R$ ,
then $m_{2}(x)$ satisfies 1), 3), 4), 5), of the modular conditions except 2), 6), by the definition of $m_{2}$ .
We will prove 6). For every positive elements $x$ and $y,$ . we have $x=(1-\epsilon)y+\epsilon(y+\frac{1}{\epsilon}(x-y))$ for $1>e>0$ , and hence by 4) 
Summing up 1 to $n,$ we -have by virtue of 7') and above (1) 
and hence
By virtue of 6) of the modular conditions, for any $\epsilon>0$ we have:
and $e$ being arbitrary, we obtain $m_{2}(x)=\sup_{R\in\Lambda}m_{2}(x_{l})$ which is the condition 6) of $m_{2}$ .
Furthermore $m_{2}$ satisfies 7).
Let $n(x),$ $x\in R$ satisfy 1), 3), 4), 5), 6), 7), and be less than $m$ . Then by the definition of $m_{2}$ , we see immediately, Proof. We shall show $ m_{1}(x)=+\infty$ for every $x\neq 0$ . Suppose that $ m_{1}(x)<+\infty$ and $x>0$ , then we will prove that there exist $y$ and $z$ such that $m(y)=m(z),$ $x=y+z,$ $y_{\wedge}z=0$ . Proof. We shall prove that $m_{1}(x)=0$ for every element $x$ of $R$ .
For any element $x\in R$ , we con.sider $m$ : the totality of projectors such
by the definition of $m_{1}$ , because of the semi-continuity of $m$ and
As like as the preceeding theorem, there exist projectors Proof. By the modular condition 4) we can find that
Combining the modular condition 7'), we have the additive property: A sequence $\{x_{\nu}\}(\nu=1,2, \cdots),$ $x_{\nu}\in R$ is said to be modular cmvergent to $x$ if $\lim_{\nu\rightarrow\infty}m(\xi(x_{\nu}-x))=0$ for every $\xi>0$ . (This proof is same as [8] .)
In the following we will explain the another conditions for We shall prove that there are mutually orthogonal normal manifolds which cover $R:R=N_{1}\oplus N_{2}\oplus\cdots\oplus N_{n}$ with the following properties:
there exist positive numbers $\epsilon_{i}>0(i=1,2, \cdots n,)$ such that Hence we can find mutually orthogonal manifolds $N_{i}(i=1,2, \cdots,n_{0})$ such that $R=N_{1}\oplus N_{2}\oplus\cdots\oplus N_{n_{0}}$ and $m_{1}(x)\leqq e_{i}$ implies $m(x)\leqq 1$ for $x\in N_{i}$ $(i=1,2, --, n_{0})$ ; here $\epsilon_{i}$ may be choosen as $0<e_{i}<1$ .
Because $\Vert|x_{i}\Vert|_{1}\leqq\epsilon_{i}$ implies $m_{1}(x_{i})\leqq\epsilon_{i}$ for $x_{i}\in N_{i}$ , we see that
Therefore $\Vert|x\Vert|_{1}\leqq{\rm Min}\{\epsilon_{i}\}<\Leftrightarrow i\leqq n_{0}$ implies $\Vert|x\Vert|\leqq n_{0}$ , for $x\in R$ , which prove the theorem.
Another sufficient conditions for essentially additive modulars are as follows. Since $e$ may be arbitrary, we see that $\overline{m}$ is uniformly monotone. In these definitions, we may change the second norm by the first norm.
We will show that if $m$ is uniformly finite, then $\overline{m}$ is uniformly increasing. For any $l>0$ there exists a positive number Proof of Theorem 5. 4 : $|v|-\lim_{\nu\rightarrow\infty}a_{\nu}=0$ in the notation of NAKANO [8] . By Theorem 27.10 in [8] we find that $s-Ind-\lim_{\nu\rightarrow\infty}a_{\nu}=0$ , since In the case where $X$ has no atomic elements, any element $x\in X$ can be decomposed as $\sum_{i=1}^{n}x_{i}=x$ for every natural number $n$ such that Furthermore we see that $n$ is linear. By Theorem 3.1 we see that $n$ is a linear additive modular on $M$ . We $8hall$ investigate the relation between an infinitely linear modular $m$ and its conjugate modular. Proof. We see that: (as same as [8] In the first case, if the modular $m$ is monotone complete then the modular $n(x)=\lim_{\xi\rightarrow\infty}\frac{m(\xi x)}{\xi}$ defined in the complete semi-normal manifold of the space is monotone complete. And furthermore if all the element of the space is infinetely linear, then the modular norms defined by $m$ and $n$ are eqliivalent to each others. Another argument similar to the approximately additive cases also follows. In order to avoid the repeated process, we omitt the further arguments for the present topics.
